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Equations are presented for the spectral emissivity of metals as a function of angle

and plane of polarization based on the Drude free-electron model taking electronic relaxa-

tion into account. These equations are integrated to obtain more general expressions

than now exist for the total normal and total hemispherical emissivity of metals. Total

emittance measurements have been made on tungsten, tantalum, niobium, and molybdenum.

These are compared with the theoretical emissivity equations, and a qualitative, but not

a quantitative, agreement is found between them. It is necessary to take other factors

into account in order to explain the observed emittance data.

There are two theoretical equations devel-

oped by Foote (ref. 1) and by Davisson and
Weeks (ref. 2) which relate the total normal

and the total hemispherical emittance of metals

to their electrical resistivity. In the derivation

o[ these equations, it was assumed that the
mean free time between collisions of the

electron and the lattice is small compared with

the period of the electromagnetic wave. This

assumption is not completely valid for metals

throughout most of the wavelength region in

which they emit thermal radiation. In this

article a general expression for the spectral

emissivity is written down and integrated over

all wavelengths and angles to obtain equations

for the total normal and the total hemispherical
emittance which take the relaxation time of

the electron into account.

The total hemispherical emittance and the
total normal emittance were measured on

clean specular surfaces of tungsten, tantalum,

niobium, and molybdenum over a temperature

range of 1000 ° to 3000 ° K (depending on the

material); and the electrical resistivities of the
metals were also measured over the same

temperature range. The total hemispherical

emittance was obtained from the measured

power dissipation within the uniform temper-

ature region of an electrically heated ribbon
specimen. The temperature was measured

with tungsten/tungsten, 26-percent rhenium

thermocouples which had been specially cali-
brated. The total normal emittance was

determined with a radiation thermopile. The

ratio of total hemispherical emittance to total

normal emittance was also calculated directly

from the angular distribution obtained by

rotating the ribbon within the field of view of

the thermopile. The data so obtained have

been compared with the results predicted by

the theoretical equations referred to above.

Direct measurements of the normal spectral

emittance out to 5 _ are now being made on the

refractory metals by using three metal ribbons

to form a closed tube of triangular cross section.
The radiation from a small rectangular hole

in one of the ribbons is compared with the

radiation from the surface adjacent to it with

a Perkin-Elmer double-pass monochrometer

as in the method used by De Vos (ref. 3).
These measurements will be made for wave-

lengths up to 25 _ as a function of angle for
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12 FUNDAMENTALS

both planes of polarization. The spectral

emittance data will be eonqmred with the

results predicted by the the,)retical spectral

emissivity equations. The (tat_ will also be

integrated with respect to wavelength to deter-
mine the total emittance, which can then be

compared with the total emittance values

already measured directly.

The study of emissivity can provide addi-

tional insight into the microscopic phenomena

occurring in solids, particularly near their
surfaces. While the spectral emissivity is

capable of providing a more detailed picture,

the total emittance, particularly the total

hemispherical emittance, in many cases can be

determined much more readily and more

accurately. Any complete the_)ry of emissivity

must be able to predict the total emissivity and

its variation with temperature. Furthermore,

from an engineering point of view it is the

total hemispherical emittance which is usually

of primary concern in matters that involve
radiant heat transfer.

SYMBOLS

_o Norm'd spectral emissivity (including both

plm_e,_ of polarization)

% Spectral emissivity (electric vector in the
pla_e ,_f emergence) ; ep is a function of 0

%h Speclral hemispherical emissivity (electric vector
paralh,1 to the plane of emergence)

0 Angle of incidence or emergence of radiation

Wavele_lgth

p Electrical resistivity

a Stefan-Boltzmann constant

r Electro_fic relaxation time

¢o Angular frequency of the electromagnetic wave

BACKGROUND

The thermal radiation from _ solid surface

can best be described in terms of its absolute

temperature _md its emittance. If the surface

is black, that is, if it absorbs all of the energy

impinging ut)o_ it, it will radiate in accordance

with the 5)ll,,wihg laws of blackbody radiation.

(1) Stefan-Boltzmann law: The total radi-

ant power emitted per unit area is given by
H--aT 4 where _ is the Stefan-Boltzmann

constant and T is the absolute temperature.

(2) Planck's law: The spectral distribution
of the radi_tion in radiant power per unit area

per unit wavelength interval is given by

a Relaxation parameter, 1.31X IOttrT=y/x

Ci Planck's first radiation constant

C2 Planck's second radiation constant

c Velocity of light

D Complex dielectric constant

D' Real part of dielectric constant

D" Imaginary part of dielectric constant

e Electronic charge

i 4-_
J Spectral intensity given by the Planck distribu-

tion, radiant power per unit area per unit
wavelength interval

j [(1-}- y2) t/:-- y] 112

m Mass of the electron

N Number of free electrons per unit volume

T Absolute temperature

• C2/×T
y o:1"

Z_ Defined by the equation ,_= 2/(1 + Z_)

Zp Defined by the equation Ep=2/(I+Z_)

_n Total hemispherical emissivity

_A Spectral hemispherical emissivity (including

both planes of polarization)

_N Total normal emissivity

e Spectral emissivity (electric vector normal to

the plane of emergence) ; e_ is a function of 0

_ Spectral hemispherical emissivity (electric vector

normal to the plane of emergence)

d::(',_,-_ [exp (C2_T)--I] -t

where C_ and ('2 are Planck's first and second

radiation (,ollstauts and ), is the wavelength.

(3) Lambert's cosine law: The intensity of

the radiation is proportional to the cosine of

the angle of emergence. From this law it fol-
lows that, the t()t_l normal and the spectral

norlnal intensities in units of radiant power

per unit area per steradian and radiant power

per unit area per unit wavelength interval per
steradian are equal to H/Tr and J/_r, respectively.

(4) The interlsity of the radiation at any

angle is independent of the plane of polarization.
Enlittance is the property of a real surface;

it is the rati(_ ()f the rate of emission of radiant

energy from the surface to the rate of emission

from a blackbody radiator at the same temper-
ature under the same conditions. Emissivity

is a fundamei_tal property of a material and is

numerically equal to the emittance of a speci-
men of the nmterial that has an optically

smooth surface and is sufficiently thick to be

opaque. It is further assumed that the surface is
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free fr()m contamination and that the crystalline

structure, and its defects adjacent, to the surface
are the same as those of the interior. The

emittance and emissivity can be either normal,

angular, or hemispherical, depending upon
whether the comparison with the black surface

is of tile intensity radiated normal to the surface,

of that emitted at some other angle, or of the

power radiated over all angles. They can also

be either spectral or total, depending upon

whether the comparison is made with mono-
chromatic radiation or whether it. includes the

radiation at all wavelengths. These param-

eters will in general be different for each plane

of polarization, except for normal emergence.

General expressions will be developed in this

article which relate the spectral emissivity to

the complex dielectric constant. These equations

will be written down specifically for metals,

making use of the complex dielectric constant
which takes the electronic relaxation time into

account. An equation for the total normal

emissivity will be obtained by integrating the

intensity at normal emergence over all wave-

lengths and dividing it by the normal black-

body intensity. An expression for the total

hemispherical emissivity will be found by

integrating over all angles for each plane of

polarization as well as over the entire wave-

length range.

SPECTRAL EMISSIVITY

Consider, first, a homogeneous and opaque
solid at a uniform temperature T with a per-

fectly specular surface. Blackbody conditions

exist in the interior of the solid and blackbody

radiation impinges on its inner surface. A

fraction R of this radiation is internally re-

flected and a fraction _=l--R escapes, where

is the emissivity.

In texts on optics or electromagnetic theory

(ref. 4) the reflectivities are given by

and

sin _ (0--q,)
R"=sin_ (0+_)

R tan 2 (0--cb)

,=tTn _ (0+¢)

where R. is the reflectivity for radiation whose
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electric vector is normal to the plane of inci-
dence, Rp is the reflectivity for radiation whose

electric vector lies in the plane of incidence,

0 is the angle of incidence, and ¢ is the angle

of refraction. According to Snell's law, sin
O=n sin (_, where re is the index of refraction,

which is equal to the square root of the di-
electric constant D for insulators. The reflec-

tivities in terms of the angle of incidence are

given by

cos 0--(D--sin _ 0) l_ 2
R.= _0_ _ _ (1)

and
D cos 0--(D--sin _ 0) _j2

R_= cos 0+_ T_ (2)

These expressions are satisfactory for an absorb-

ing medium if the dielectric constant is con-

sidered to be complex so that D=D'+iD".

Since _=I--R, some algebraic manipulation

of equations (1) and (2) leads to the following

expressions for the emissivity for radiation

polarized normal and parallel respectively to

the plane of emergence:

2 2
_"=]+Z. _'=i+Z_ (3)

where Z, and Zp are given by

Z.= [(D'--sin 2 0)2-4-D"2]Jl2+cos 20 _
_/2 cos 0[((D' --sin _O)_+D ''2)_/2+D'-sin _0]_/_

(4)

Z --[(D' --sin 20y+D' ,2]_/2_+_(D,2+D,,2) cos 20

_-- F_cosO[((D, si,dOy+D,,2)_12(D,21

I +D"2)÷(D'2--sin_O)(D'_--D"2) [

L +2D'D'"]_/2J
(5)

in this article the classical contribution of the

free electrons to the emissivity of metals is
considered. The effect of the bound electrons,

the internal photoelectric effect, and the
anomalous skin effect will not be treated. The

spectral emissivity equations taking the elec-
tronic relaxation time of the free electrons into

account are developed here.

From Mort and Jones (ref. 5) the dielectric

constant of a metal, considering only the free
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electrons, is given by

47rNe2r 2 47rNe_r/_o
D=I m(¢0_r_nCl)--i m(_2r24_l)

since D=n2--k_÷2 ink, where n is the index

of refraction and k is the index of absorption.

N is the number of free elect.tons per unit

volume, e is the electronic charge in stat-

coulombs, r is the relaxation time, m is the

mass of the electron, and _o is the angular

frequency. This can be written

y+i 4_rNe _ r (6)
D=I l+y 2 m c0

where y=_or. Since the electrical resistivity

p (in statohm-centimeters), is equal to

m

P=Ne2r (7)

and _o---=(2_e)/X where h is the wavelength and

c is the velocity of light., then D=l--[(y+i)/

(l+y2)l(2/c)(X/o). If X is expressed in centi-
meters, and o m ohm_entimeters, then in

y+i 60X (8)
D=I l+Tf p

where D is dimensionless, the constant 60

having units of ohms-L From the preceding

equations

2_cm
y--_or=X-_= l.l X lO-gV/SpX (9)

where V is the atomic volume, S is the effective

number of free electrons per at on L and again
p and X are in ohm-centimeters and centinieters.

In order that the first terni, 1, on the fight-

hand side of equation (8) and the term sin 2 0 in

equations (4) and (5) be negligible, either

[1/(1 +y2)](6OX/p)>_>l, or
[y/(l +y2)](60X/o)>> 1.

About 99 percent of the thermal radiation froni

a black surface occurs for XT greater than 0.13,

so the inequality

7.8 7.Sy (10)
oT< _ i_ _ or pT_ < l +y _

is e necessary condition if equation (8) is to

hold. When y is small the first, inequality holds

adequately well for all of the metals. When

y is large, the second inequality becomes
oT<(7.8/y. I'sually V/S is about 10 st) that

1/y _- 10SpX and t he sectmd inequality simplifies

to T<<10,000 ° K. This temperature is based

on the short-wavelength limit at XT=0.13.

At XT for the lnaximum of the spectral dis-

tributi(m T_.<_15,000 ° K. If these approxiina-

tions aro assumed to hold, y=D'/D" and

equations (4) and (5) can be rewritten as

Z =(l÷y")'"[" o -,,,2 (l_t_y2),f,
,,_2_ m(. 6_ ) <COS 0) -1

+(?),,,<co,o>-,nmj (11)

Z, (l÷y_)':4 m(__ '/' (l+y2) ,/4
_j L\(_0X/ cos 0

cos01(12)\p]
where

j----[(1 -_y_)'i_--yt_<_ st) that l/j=[(1 +y_),i2+y],/_.

(1:_)

Since

60×/ (l+y2) _"

except for very large values of y, which are not

of concern here, the normal-emergence value

of Z, wlfich is the same for both planes of

polarization, is given by

l;lOX\ 11'2

z.-z.=(_-) l(i+y_)"-yl -''_ (14)

and the n.rinal spectral emissivity is given by

2

y\;-

TOTAL EMISSIVITY

The spectral distribution of intensity normM

to the surface of a perfectly black radiator in

radiant power per unit area per unit wavelength

interval per steradian is given by
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T _r )J exp 1 (16)

Integrating equation (16) over all wavelengths

gives the radiant power per unit area per
steradian :

f0 ®J d_,: C1 f®l Ch -i o-T 4_r _r,,0 _[exp(_-_)--l] d_-- _

(17)

where a= (C1/15)(_'/C2) _ is the Stefan-Boltzmann
constant.

In order to determine the total normal

emissivity it is necessary to multiply the

spectral emissivity, equation (15), by the

normal Planck distribution, equation (16),

integrate over all wavelengths, and divide by

aT4/lr. That is,

_r fo ® _oJdX_N_ff-_ 7r

30C24 "-_+ fo: 1)m+lJm

30_/

By letting x=C2/T

3O
.N-----_- _=1 n_=1 fo® (-- 1 )_+'j "

oT y'/2x3+(,,/_ _ exp (--nx)dx (lS)

It is useful first to consider the case where the

electronic relaxation time can be neglected.

In this case j=l, and equation (18) becomes

30 1),.+1 / oT \.,/2 ®

x 3+(m/2) exp (--nx)dx (19)

® + °T \:/_ : r (4+2)
:30"_,(--1)m+'(_} _ n,+(.,m

_4 m=l \ U¢_2/ n=l

= 0.578 (pT),/2_ O. 17S(pT)

+0.0584(pT) 3a- . . .

(20)

(21)

This result is identical with that of Foote except
that it takes into account one more term which

is needed at larger values of pT. The coefficient

of the third term for the total normal emissivity

was erroneously given as 0.044 in the article
by Davisson and Weeks (ref. 2).

As it is given in equation (13), j and its
second and third powers make equation (18)

unwieldy to integrate. Therefore, the follow-

ing approximations to j, j2, and j3, designated

as j,, j,_, and j,3, respectively, were used to

simplify the integration.

j.----0.430 exp (-- 1.05y) +0.330 exp (--0.245y)

+0.240 exp (--0.0207y) (22)

3_.=0.700 exp (-- 1.32y)+0.240 exp (--0.31y)

+0.060 exp (--0.043y) (23)

2.----0.560 exp (--2.43y)+0.400 exp (--0.79y)

+0.040 exp (--0.125y) (24)

The accuracy with which these three expres-

sions approximate j, f, and f over the signifi-

cant range of y is demonstrated in table I.

From equation (9)

y:_r=_ rTx:ax

wherea=l.31X 10nrTand x-_C_/),T. The prod-

uct rTis independent of wavelength and only

mildly variant with temperature for the metals.

This quantity, derived by using equation (7),
is tabulated in table II. The values listed in

this table are bulk properties and may be

different at the surface where the radiating

properties are controlled.

When j_l, the first three terms for the total

normal emissivity are then given as:

30 ( oT ,_,/2 _ x3n{ 0.43 exp [--(n

-+-1.05a)x]-{-0.33 exp [--(n+O.245a)x]

+0.24 exp [--(n+O.O207a)x] }dx

30 pT

+ 1.32a)x]+0.24 exp [--(nTO.31a)x]
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TABLE I.--Comparison

v /

0 1

0. 1 0. 950

. 2 905

. 4 822

.6 751

• 8 692
1.0 642
1. 2 600

1.4 565
1.6 535
1.8 510
2. 0 486

4. 0 .351

6. 0 .288

8. 0 .249
10. 0 .223
15. 0 . 182
20. 0 . 158
25. 0 . 141
30. 0 . 129

of j, Jl, J2, and j_ with Approximate Values G_'ven by Equations (_), (_3), and (_)

1

0. 949
• 905

819

751

693

642
602
566
535
508

485

.351

.288

• 249

.224
• 184

• 160

.143
• 129

Error,
percent

0

0.11
0

• 37
o

.14

0

• 33

• 18

0
• 39
.21

0

O

0

• 45

1.10

I. 27

1.42

o

1

0. 903

.820

• 677

• 565
.480
• 413

360
32O
286
260

jt j,s

1

0. 907

• 823

. 684

.574
• 488

.421

. 367

. 320

.287

.259

236 234

119

083
063

O5O

033

O25

0205
0166

123

083

062

0499

0333

O25

O2O

0167

Error,
percent

0

o. 44
• 37

1.03
1. 59

I. 67

1.93
1.94

0
• 35

• 38

• 85
3. 25

0

1.61

. 20

,90
0
2.5

• 60

1

o. 858
742

556
425

333

265
216

181

153
133

115

[)431

0239

• 0154

.0111

. o061
• 0039
• 0028

.0022

j*|

1
0. 857

728

542
417
330
266
219

184
158

135

.117
•0420

• 023

.0155

.0115

.0061

• 0033
.0018

.0010

Error,
percent

0
o. 12

1.89

2. 52

1.88

• 90

. 38
1.39

1.65
3. 27

1.50

1.74
2. 55

. 42

. 65
3. 60
0

15. 4
37. 7

54. 6

-4-0.06 exp [--(n+O.O43a)x] }dx

;o°30( ,T'_ 3n = #._{+_ 0.56 exp [--(n\3o-Gd

+2.43a)x]+0.40 exp [--(n+O.79a)x]

+0.04 exp [-- (n+O.125a)x]}dx. (25)

The integrals appearing in equation (25) and

their solutions are of the form

L® r(z+l)x _exp [- (n+k)x]dx= (rt +k)_+1

The quantity

1 \z+l _ / 1 z+l

can be approximated for z=3.5, 4.0, and 4.5

by the functions

q'a 5= (1 +k) -'.33, q'4.o= (1 +k) -4.s5,

and q'4.5= (1 +k) -_'3s.

The accuracy of this approximation is demon-

strated in table IiI.

These relationships can be used to evaluate
equation (25) in terms of the emissivity in the

y=0 case. Hence

[- 0.430 0.330

eN=L(l+l.O5a), _,_-F(1 +0.245a) '-33

0.240 -] 0.578(pT), n+ (1+o. 7a)4. 33

E 0.700 0.240-- (l+l.32a)_S._ _ (l+0.31a).._

0.0600 -]
+ ( 1+-_)_a.)' S_l 0.178 (a T)

+l 0.560 0.400
L.(1 +2_43a) a:'s 4- (l+0.79a)6as

_+_ 0.0400 -]
(-i_01i2_ai_:_ j 0.0584(pT) 3/_ (26)

which can be written

,N=0.578p,(pT) _2--0.178p2(pT)

+O.0584pz(pT) 3/2 (27)
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TABLE II.--Relaxation Times and Electrical Resistivities at Room Temperature.

17

• , TT, p, (p/T)qt,
Metal sec dog-see a ohm-cm (ohm-cm/deg)qS

(10-1))* (10-1))* (lO-q*

Lithium ...........

Sodium ............

Potassium ..........

Rubidium ..........

Cesium ............

Copper ............

Silver ..............

Gold ..............

Nickel .............

Cobalt ............

Iron ..............

Palladium .........

Platinum .........

8.6

31

44

27

21

27

41

29

9.8

9.2

24

9.2

9.0

2.3

8.5

12

7.4

5.7

7.3

11

7.9

2.7

2.5

6.6

2.5

2.5

0. 30

1.1

1.6

• 97

• 75

• 96

1.5

1.0

• 35

• 33

• 87

• 33

• 32

9.2

4.7

6.6

12.5

19. 9

1.72

1.59

2. 44

7.8

9.8

10. 0

11.0

10. 0

1.77

1.27

1.5

2. 07

2. 61

• 77

• 74

.91

1.63

3. 34

1.85

1.94

1.85

*Multiplyeach valueincolumn by thlsfactor.

where the multiplier function p is tabulated in

table IV and plotted as a function of a in fig-
ure 1. Values of a for several of the metals are
listed in table II.

Equation (27) can now be written explicitly
for the values of a used in table IV which

includes essentially the whole range of a values
encountered in metals. For

a=0

a=0.2

a=0.5

a=l.0

EN=O.578(pT)'/2--O.178(pT)

+ 0.0584 (p T) 3/2

tN = 0.403 (p T) 1/2_ 0.0826 (p T)

-4--0.0165 (p T) 3/2

_N=O.290(pT)'/2--O.O417 (pT)

+ 0.00606(pT) 3/2

tN=O.212(pT)'/_--O.O219(pT)

a=l.5

--}-0.00234 (p T) 3/2

eN=0.175 (pT)_/2--0.0153(pT)

+ 0.00128(pT) 3/2

(28)

These equations are shown graphically in

figure 2. The factor (pT) '/2 is conveniently
written as (p/T)I/2T, where (p/T) 1/2 is only a
mild function of temperature and is listed for
several of the metals in table II.

In order to get the total hemispherical

emissivity we must go back to the equations of
spectral emissivity as a function of angle and

plane of polarization. From equations (l l)
and (12) we can write:

/ B cos 0\
z.:.4 t, )

TABLE III.--Compa rison of Approximate Functions

k qt.s q't,t q4.o q'_,o q4,a qs6.6

0. 02

• 05

• 10

• 20

• 50

1.00

2. 00

0. 915

.805

.659

.452

• 173

• 051

• 009

0. 918

• 810

• 662

• 454

• 173

• 050

• 009

0. 907

• 787

• 627

• 411

• 140

• 036

; .005

I

0. 908

• 789

• 629

• 412

• 140

• 035

• 005

0.898

• 767

• 598

• 374

• 113

• 025

•003

899

.769

• 598

• 374

• 113

• 024

• 003
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TAI_LE IV.--Values of the Multiplier Fum'tions Pl, p2,and

ha/or a Range of Values of the Relaxation Parameter a

0.0

.2

.5

1.0

1.5
i

I

1. 000

• 697

• 501

• 367

• 303

lp2

1. 000

• 464

• 234

• 123

• 086

.- p3

1. 000

• 283

• 104

• 040

• 022

In all cases B2>>(;os 0, so that _. reduces to

2B cos 0
_" =:=B cos O+AB 2 (31)

The spectral heinispherical emissivity is

defined by

r/2 J
_h,I_ (_,_5%) cos 0 2_r sin 0 dO (32)

1
Zp=A (B cos O+-B _os_O)

where

A=(2)-an[ l_ ( l + l/y%-l/21-, /2=( 14-y2)_/4
•

and

: -- (1+ y2).

Hence, from equations (3)

2B cos 0

e" B cos O+AB_+A cos _ 0

2B cos 0

_=B cos O+AB 2 cos = O+A

'°t

(29)

&08

a 04

0 0 2 O 4 ,} 6 :] 6 I 0 1 V I 4 1 6

RELAXAT ON PARAM9 TEN : O}

(30)

A fraction 1/(27r) of the radiation from a blackbody

appears in a unit solid angle normal to the

surface for each plane of polarization. The

energy radiated per unit solid angle is propor-
tional to the cosine of the angle for each plane

of polarizati(m for radiation from a black
surface. Considering each plane separately,

where

eh=_-_ _vn2

¢=h fJ cos 2 0 dcos 0
:iB 30 BcosO+AB 2

(33)

£_ 0 dcos 0
%n _ eos_ (34)
4B B cos O+AB _ cos 20+A

0

o

FIGURE 1.--Multiplier functions. FiGu t{E 2,--Total normal emissivity•
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The integration of equation (33) leads to

e.h 142 AB+(AB)2I°g( 1+

If the logarithm is expanded,

_.a 1 1 1/ 1\ 2 1( 1 ) 34 3AB 4(_)+5 _ +''"

which is equal to

(35)

The integration of equation (34) yields

_ph _1 _{__l_l "_2 ( 1--2A 24--AB \AB.I log B (4A2_1)_ a

tan_ _ 2AB+ 1 1(4A2_ l) I/_ tan-1 (4AZ-- 1)1/2])

which is equal to

(l°g E(6_0p_)_/2(1-?Y2) -'/4_

+y ( tan-a E(_)_a2 j+ 3_]

(36)

l(p'_ 3/2

p 3/2

(39)

The spectral hemispherical emissivity must. be

multiplied by the Planck distribution, inte-

grated over all wavelengths, and divided by the

total radiation from a blackbody to determine

the total hemispherical emissivity. Thus,

fo _.h C_,, exp (--_) dh.( ®_hJdX_ T4 n(_

(4o)

By the previous substitution x= Q/XT,

/ -T \_/z /1 \
8_ _ _ x _/2 /-+1o_ 60C2 , ) pTx30 -2

-5 \3Y_J x3/_

or simply

_n=AHXX/2--BHx+ (_x log x--Dax 3_

wh ere

A.=8 { pT "_'/_\30C2]

(,_(.r)

and

1
Bu=(]+ log 60('_

pT ]

Before proceeding further, the equation for

the total hemispherical emissivity, eH, will be

derived on the assumption that the electronic

relaxation time is negligibly small. In this
case y----0 and j----1 so that

(37)

-4-=\3OX/ --2 (,3OX) l°g

_ (_ _'_

_"--a(_'Jo (AHx_/'--Bux+('ux log x

--Dux3/_)x3 _,, exp (--nx)dx
It = ]

Since

_=15 (_

1-5 _u=AH x 3_ exp (--nx)dx
r/=l

fo°£Z--Bu x _ exp (--nx)dx
rl=l
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£_
+CH x 4 log x £ exp (-nx)dx

n=l

-Du x45 _=1 eip (--nx)dx

+50+24 log Z exp (--Z)[o

+24f ® log Z exp (--Z) dZ
J0

_ _u-----AnI--BMI+ C_II I --DuIV

The solutions of I, II, and IV are

F(4.5) _ 12.264
I=_ n,.5

II ='f2 4_
.=i _=24.885

IV=_ r(5"5)-sa 649
viffiI _- " '

If Z=nx,

# log x exp (--nx) dx

Z _ log Z exp (--Z) dZ

--logn £® Z' exp (--Z) dZ]

Integrating by parts gives

;?Z 4 log Z exp (--Z) dZ

=£" log Z d f Z' exp (-Z) dZ

=log Z fZ _ exp (--Z) dZ I_

-- 0 2 Z' exp (--Z) dZdZ

=--log Z exp (--Z)(Z_+4Za_ + 12Z_+24Z

+24)1:+£" exp(--Z) 12Z+24

+-_) dZ=--24 log Z exp (--Z)lg +(3l)

£®1+4(20+12(1!)+24+24 2exp (--Z) dZ

------24 log Z exp (--Z)lo

=50+24(--0.577) ---36.15

and

Z% -z dZ=4! log n=24 log n

so that

l | l =_ :36.2--24 log nn_ =36.8

Finally,

15 (AHI -- BHI 1+ CHIII--DslV)
EH=" _

=0.766(pT)'n-- (0,309--0.0889 log pT)pT

--0.0175(aT)a/a+ . . . (41)

where it has been assumed that 6_= 1.439.

This result which was obtained by a direct

integration of the angular distribution of the

spectral emissivity should be compared with

the equation of Davisson and Weeks (ref. 2)

which was deriw_d by the integration of an

artificially constructed function to represent

the angular distribution of the spectral emissiv-

ity. They found that

_H=0.751 (pT) _/2--0.632 (aT) +0.670 (oT) aa

--0.607(07) = (42)

Although this equation gives values that are

in good agreement with those given by equation

(41) for pT values up to 0.1, it is not useful at
much larger wdues of pT because it does not

converge rapidly enough. Schlnidt and Eckert

(ref. 6), also using graphical integration, ex-

pressed their result as two binomials, for two

ranges of oT,

0<pT._0.2 _H--0.751 (pT)'n--o.a96pT

0.2_pT_0.5 _.=0.698(pT)_/2--O.266pT (43)

In treating the general case where y #0 the

total hemispherical emissivity is again given by
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f" x3 exp
•" Jo 2 .=1

and from equations (35) and (36)

--x' _u:=_--_'15 n-i J0_®[8J(_.3 \3-_2]PT_l/z xl/2 __ j2 (3_22) xpT

[2+log6OC,--logoT--logx--_log(l+y_)

+y_r--_ {\30C2]PT_'/2x'/2--2ytan-'j2]

3 '3 [ -PT\3/2
_,_3--_2) X 3/2 j_X 3 exp (--nx)dz (44)

where tan -1 [2(30X/p)l/2j+j 2] has been expanded

to yield (_/2)--(p/30X)'/2(1/2j)+... by as-

suming in this case that 2(30X/p)_/2_j.

By comparing the first term of equation (44)

with the first term of equation (18) it can be

seen that the first term of the total hemispheri-
cal emissivity will always be 4/3 times that for

the total normal emissivity regardless of the
relaxation time. The other terms for the total

hemispherical emissivity are calculated by a

combination of graphical and analytical tech-

niques similar to those used previously for the
total normal emissivity and for the zero relaxa-

tion time case for the total hemispherical

emissivity.

The results are presented here for the same
five values of a as those used for the total

normal emissivity.

For a=0,

c,----0.766 (pT) la- (0.309--0.0889 log pT)pT

--0.0175 (oT) 3/2

For a---- 0.2,

_n=O.534(pT) _/2- (0.218--0.0411 log oT)pT

+0.0141 (pT) 3a

For a=0.5,

eH=0.384(pT) 1/2- (0.172--0.0208 log pT)pT

+0.0306(pT) 3/2

For a=l.0,
_t=0.281 (pT) _/2- (0.153--0.0109 log pT)pT

0.0461 (pT) 3/2

For a=1.5,
Es=0.232 (oT) _a- (0.148--0.0076 log pT)pT

+0.0570 (pT) 3/2 (45)

Ol

o

FIGURE3.--Total hemispherical emissivity.

These equations are plotted in figure 3.

TOTAL EMITTANCE MEASUREMENTS

Radiation Measurements

The total hemispherical emittance was de-

termined by measuring the temperature and

the power dissipation in the uniform tempera-

ture region of an electrically heated ribbon

specimen. Simultaneously, the angular dis-

tribution of radiation from the specimen was
measured with a calibrated total-radiation

thermopile, from which the total normal
emittance was determined. The details of the

experimental apparatus and techniques have

been described previously (ref. 7 and 8).
Figure 4 is a photograph showing the ribbon

support structure and other pertinent com-

ponents within the vacuum chamber. The

total emittances of four refractory metals
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FI(iURE 4.--Experimental apparatus.

measured with this technique are presented

with a discussion of the problem of temperature
determination above 2000 ° K.

Temperature Determination

The radiant energy emitted by a polished

metal surface is proportional to about the

fifth power of temperature since, in the equa-
tion H=_x(_T +, the total heiliispherical emit-

tance *x is roughly proportional to the tempera-

ture. Accordingly, the teniperature is by far

the most iniportant variable in any radiation-

transfer problem. Unfortullately, its impor-

tance is only exceeded by its difficulty ()f

measurement, particularly in the region above
1800 ° K. Excellent restllts had been obtained

with platinum therniocoup]es up to 1800 ° K

in previous phases of this pr(,ject; and it was
hoped that refractory-metal thermocouples

(tungsten/tungsten, 26-perceiii rheniuni) would

provide accurate nieasurements of temperatures

up to 3000 ° K. Unfortunately, the accuracy

and reproducibility were himid to be far

below that necessary for accurate enlittallce
measurements.

Tungsten/tungsten, 26-percent rhenium ther-
mocouples 0.005 inch in diameter (hereafter

designated as W/Re) were obtained from two

manufacturers. The first type (referred to as

type A) was supplied with a calibration up to

2800 ° C. The second (referred to as type B)

was supplied with a notary-certified calibration

up to 2300 ° C. The type A thermocouple was

tried initially on a tantalum ribbon. The wires
were attached by drilling 0.005-inch holes in

the center of the ribbon about 2 mm apart,
inserting the wires through the holes a short

distance, and then squeezing the wire by peen-

ing the ribbon around the wire with the aid of a

punch with rounded nose and a center hole to

accommodate the end of the wire. Excess wire

was then clipped off. Measured total and

spectral emittance values were found to be
completely unrealistic. Similar measurements

with other ribbons of the same material gave
emittances that were not only unrealistic but

not reproducible.

The sauie problem was encountered with type

B thermocouples; however, in this case the

emittance values at temperatures up to 2000 ° K
appeared at least reasonable, although some

nonreproducibility was still noted. Some rib-

bons were then instrumented with both type A

and type ]3 WIRe thermocouples, as well as

with a platinum/platinum, 10-percent rhodium

thermocouple. Up to 1800 ° K, type B agreed

reasonably well with the platinum thermo-

couple, whereas type A deviated considerably.

Emittances calculated from the platinum-

measured temperatures were quite within

expectation.
It was evident that a complete calibration

of the W/R.e thermocouples was necessary

before they could be used. A tantalum cylinder

_ inch in diameter and _ inch deep was

instrumerlted with type A and type B W/Re

thermocouples. Two platinum/platinum, 10-

percent rhodimn thermocouples, one a 0.005-

inch working thermocouple and the other a
0.00S-inch calibrated standard, were also used.

Blackbody holes 0.016 inch in diameter were
drilled at various places in the surface. The

assembly was placed in the coil of an induction
heater aiid heated in vacuum up to 1800 ° K.

A microoptical pyrometer was used to monitor



THEORETICAL AND EXPERIMENTAL STUDIES OF TOTAL EMITTANCE 23

the temperature in tim blackbody holes. Tem-

perature readings of the pyrometer, the two

platinum thermocouples, and the type B
W/Re thermocouple agreed well within ± 1

percent over this range, whereas type A

deviated as much as 80 ° C. The platinum

thermocouples were then removed, and the

comparison was extended to the highest tem-

perature obtainable in tile furnace, 2100 ° K.

Type B and the pyrometer remained in agree-

ment to within _1 percent whereas type A

continued to show large deviations. Although

the temperature limit was far below the 3000 ° K

desired, and the thermocouples were not tested

in their normal mode of operation (attached

to the ribbon), this calibration at least elimi-

nated one of the theremocouples from further
consideration.

In order to calibrate the thermocouples in

their normal mode of operation, it was necessary

to determine the spectral emittance of tantalum

as an intermediate step. A tantalum ribbon,

1 cm wide, 6 inches long, and 0.005 inch thick,

was folded longitudinally to form a triangular

prism with sides approximately _ cm wide.

The length of the prism was about 4 inches.
Several 0.005-inch and 0.010-inch holes were

drilled into one side to serve as blackbody holes.
The prism was instrumented with type B W/Re

thermocouples and aged at 2400 ° K for 15
minutes.

Measurements of true temperature, bright-

ness temperature of the tantalum surface, and

thermocouple output voltage were made from

1000 ° K to 2800 ° K. The true temperature

was obtained by sighting the optical pyrometer

. i 2
,_,,1_ ,._ ¸ ._ ,,

Fl(_va$ 5.--Spectral era|trance of tantalum at 0.65u.

757-044 0-65--3

at the blackbody holes; the brightness tempera-
ture of the surface was taken adiacent to the

holes. The resulting spectral emittance at 0.65

micron is plotted in figure 5. The upper

temperature limit was set by the evaporation of
the tantalum above 2800 ° K, which produced

sufficient coating on the viewing port to prevent

further optical pyrometer observation. A
calibration was also obtained for the attached

thermocouples, although another check was

still necessary for the thermocouples in their

normal mode of operation (on a flat strip).

As an added complication, two identical

microoptical pyrometers, one recently acquired,
the other on hand for 2 years or more, were

compared and found to differ by as much as

1 percent in their indicated temperatures. The

error was largest in the range of 1800 ° C to

2200 ° C. Below this temperature they were

nearly identical in calibration. Above this

range there was an error but not as serious.

These pyrometers have now been recalibrated

at the Naval Ordnance Laboratory at Corona,
Calif.

Another 6-inch section of the ribbon identical

to that which had been formed into the prism

was instrumented and aged as before; however,
this time the section was used as a fiat ribbon.

Brightness-temperature measurements, aml the

(,alibration data of figure 5 were used to obtain

the true temperature, and the thermo<'ouple

was again calibrated, with results nearly

identical to those of the previous measurement.

Hence, a calibration was obtained for type B

W/Re thermocouples from 1000 ° K to 2800 ° K

in their normal mode of operation. The

previously mentioned nonreproduci|)ility _)f

emittance d_la was essentially eliminated h.v

adopting one thermoeouple attachment tech-

nique, out of the many tried, that gave repro-
ducible results. This technique consisted of

inserting the thermocouple wire through the

hole in the rit)l)on, then spreading the end
of the wire slightly, an(I pulling the wire

vigorously back into the bole. The wedging

was sufficient to hoht the wire, and the attach-
ment eliminate(l the ribbon deformation caused

by peening. Results of many measurements

confirm the reproducibility of this method.

The calibration was within -4-1 pereenl of
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that supplied with type 13 thermocouples

up to 2150 ° K. Above this temperature

the deviation increased rapidly; it was 90 °

at 2600 ° K. In the follo_irlg description of

results, tile over-all temperature accuracy is
estimated to be within :t: 1 percent to 2800 ° K

and -1-1.5 percent from 2800 ° K to 3000 ° K.

A calibration for the range from 2800 ° K to

3000 ° K was obtained by various means of

extrapolation. Measurements on tungsten, de-

scribed in the following se¢%ion, added confi-

dence to this extrapolation.

Results
TANTALUM

The total hemispherical emittance and the

total normal emittance of tantalum, plotted

against temperature, are presented in figure 6.

The data points for the hemispherical emit-

tance represent measureme_lts from four dif-

ferent samples using both brightness tem-

perature and thermo('oup]e data to determine

emittance. At low te_uperattires tantalum
exhibits a gettering actio_ for gases in the

vacuum system, with a corresponding increase

in the hemispherical emitta_lce, shown by the
short dashed line between 1200 ° K and 1500 ° K.

If the emittance is measured on a fresh unaged

tantalum ribbon, it will follow the dashed line

to about 1500 ° K where the gases will be driven

off resulting in a sudden drop in the emittance
to the solid line. Measurements above this

temperature appear quite stable. If, after

agblg, measurements _re made below 1500 ° K

with dispatch, the data will fall on the solid

line. However, if a temperature below 1500 ° K

i

.,jJ

/ J

J 1.1

is maintained for an extended period the

emittanc.c r¢_turns to tile dashed line (rate de-

pends o_ presslJre). The gas absorption and

liberatioa (:a_ he noted on the vacuum gage

conne(%ed t.o the measuring chamber. A sep-
arate study of emit.tances would be advised for

those intcr(,sicd in long-term heat-transfer

properties b(dow 1500 ° K.

The total noriJla] emittance shown in figure

6 is calc(_latt,d from the ratio of total hemispheri-
cal to to(al t_ormal emittance determined from

relative a_gular distribution measurements

every 300 ° K from 1200 ° K to 2400 ° K. At
the time lhat angular distribution measure-

ments wcr_ beb_g made on tantalum, the

thermoco(q)lc had nob yet had an absolute
calibration ('heck so that no total normal

emitta_we values were determined based on

absolute norlnal r_tdiation. The spectral emit-
tance at 0.65 micron is determined with the

aid of tru_ _, a_d brightness temperatures ac-

quired (lttri,g the prism thermocouple cali-

bration _m(1 ])lotted against temperature in

figure 5.

NIOBIUM

A gettering action similar to that observed

with tantalum is exhibited by niobium except

that the transition, or outgassing, temperature

appears to be 1400 ° K. This effect can be

seen in figure 7, which shows total hemispherical
emittance and total normal emittanee plotted

against temperature up to 2400 ° K. Evapora-
tion prevented measurements above this tern-

F_(_uav. 6.--Total emittance of tantalum. I,'i(;uun 7.--Total emittauce of niobiun_.
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perature. The total normal emittance was

determined from calibrated thermopile measure-
ments. True temperatures for the niobium
measurements were determined with the ther-

mocouples calibrated as previously described.

TUNGSTEN

Considerable effort has been expended by

other investigators in studying the thermal-

radiation properties of tungsten, with much of

the impetus coming from its use by the lighting

industry. Consequently, the relation between

brightness and true temperature, as determined

by Roeser and Wensel and shown in the survey

by Gubareff et al. (ref. 9), has been used to

obtain the true temperature in this research.

Concurrently, however, the calibrated type
B W/Re thermoeouple was also used.

The total hemispherical emittance, which is

quite sensitive to temperature differences,

has about ±5-percent spread with both

temperature-measuring techniques, as can be

seen in figure 8. The emittance determined

with the brightness temperature (data points
indicated by circles) appears generally to be

a few percent higher in the middle and upper

temperature regions. Considering the prob-

lems associated with the thermocouples at

high temperatures, and the possible nonequiva-

lence of the tungsten surface used in this

investigation and that of Roeser and Wensel,

this difference is not surprising. The un-

certainty in optical-pyrometer temperatures in

the vicinity of 2100 ° K, pointed out in the

2

section on temperature determination, could

contribute to the wider spread in this region.

The reasonable agreement of the results ob-

tained by the two techniques was the basis

for using brightness-temperature data to help
extrapolate the thermocouple calibration from

2800 ° K to 3000 ° K. The tungsten samples

used were aged at: 2400 ° K for approximately
30 minutes. The total normal emittance shown

in figure 8 was determined with the calibrated

thermopile.

MOLYBDENUM

The measurements on molybdenmn preceded

those on the other metals just discussed, and

were made in an earlier apparatus which was

originally used for studies of platinmn (ref. 10).

At first a very high emittance was observed.

Although it was quite stable, it was later de-

termined to be due to the formation of molyb-

dentnu carbide, Mo2C, possibly caused by back-

streaming of the vapor from the oil diffusion

pump. The coating still formed at l0 -8 torr,

but at that pressure it was possible to obtain

meaningful emittance measurements provided

that they were made rapidly enough.
Figure 9 illustrates the change in emittance

with time as well as temperature on a typical

specimen. The average time between nleasure-

ments was about 1 minute. By the time of the

fifth measurement there was apparently some

increase in emittance due to the coating. After
10 minutes at 1300 ° K the emittance reached

the nearly stable upper curve of emittance

versus temperature. The points 1, 2, 3, and 4

are characteristic of the emittance of a polished

v _c,

_r_z5

$

a

$,,

_fT
_ " MOLYeDENUM

_cc

Frouaz 8.--Total emittance of tungsten. FIGURE 9.--Total emittance of molybdenum.
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surface. The points 9 through 26 establish

the emittance of a surface with a nearly stabi-

lized coating of molybdenum carbide. The

difficulty arising from this ('.ating was one of t,he

reasons for designing the new emittance cham-
ber which was used for the other three metals

(ref. l l). The overall accuracy of the total-

emittance values quoted for the four xnetals is

+ 5 percent.

ELECTRICAL RESISTIVITY

Because of the importance of the electrical

resistivity in the theory of emissivity, the varia-

tion of this property with temperature was
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FIGVrtE lO.--Total normal emitt, a_we of various metals.

measured (ref. 7 and ! 1) for all four metals over

the complete temperature range of the emit-
tance measurements. These values were used

to determine the abscissas in figures 10 and 11.
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SPECTRAL EMITTANCE

MEASUREMENTS

The previously described experimental appa-

ratus has been modified slightly to facilitate
spectral emilta_ce measurements on the refrac-

tory metals. The specimen configuration is a

long triangular tube formed by clamping three

ribbons together at the ends to form _t 60 °
triangular pristu. In order to insure that the

three edges of the prism remain closed, it is

wrapped with fine tungsten wire. A small

1_(3 mm rectangular hole in one face of the

prism serves as the reference blackbody. A

Perkin-Ehner double-pass infrared spectrom-

eter is used, and the external optics allow the

blackbody h()le and the face of the sample
adjacent to the hole to be focused alternately

on the entrance slit of the spectrometer. In

this way a dire('l comparison may be made of
the radiation from the metallic surface with

that of a blackbody at the same temperature.
The technique is similar to that used by De Vos

in his determination of the normal spectral

emittance _f tungsten between 0.25 and 2.5
microns (ref. 3).

At present the measurements are being made

between 0.6 and 5.00 microns; the long-wave-

length limit is determined by the sapphire
window in the vacuum chamber and the lithium

fluoride prism in the spectrometer, and the

short-wavelenFth limit is determined by the low

energy awdlat)le there. A photomultiplier is
used as the detector from the visible to I micron,

and a thevmvcouple is used as the detector

beyond 1 micron. The present studies are of

normal spectral emittance only; however, the

angular r_)tation capabilities of the ribbon

mount permit hemispherical spectral emittance
measureme,ts to be made. These will be in-

eluded in future studies in which the wavelength

range will be extended to 25 microns and the

anguhtr distribution will be determined for each

plane of pol_rization. Since the prism is instru-
mented wit h thermocouples and voltage probes,

the total hemispherical emittance can be ob-

tained both from the power measurement and

from the iutegral of the spectral emittance over

the s_gmhe_nt'""" wavelength region and over all

angles in but.h planes of polarization.
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Tungsten has been used for the initial study,
in order that. comparison of the results with the

reliable data of De Vos (ref. 3) might provide

an evaluation of the performance of the system.

Agreement has been within a few percent in
the re,on from 0.6 to 2.5 microns.

DISCUSSION OF DATA

The total normal and total hemispherical

emittance data obtained on this project are
plotted against the square root of the electrical

resistivity multiplied by the absolute tempera-
ture in figures l0 and 11. Data from the recent

thermal radiation survey of Gubareff et al.
(ref. 9) are also included; these data were

reported for polished surfaces with no additional

characterization. The interesting features are

tile wide spread of data points, particularly

at low values of pT, and the qualitative agree-
ment with the theoretical (dashed) curves

through an extended range of pT. These

curves are taken from figures 2 and 3 for the
a=0 case. In figure l0 tile dashed curve

provides about as good a fit as possible for the

plotted data. This may seem surprising since

it has been shown previously in this article
that the finite relaxation time should reduce

the total emissivity of all the metals by about

30 to 70 percent as indicated in figures 2 and 3.

However, there are some compensating factors

which serve to increase the emissivity. The

resistivity at the surface will be higher than
in the interior due to scattering of the electrons

by the interface and by imperfections in the

lattice induced by surface preparation. The

absicissa in figures 10 and ll is calculated from

the bulk resistivity. The emissivity depends

upon an effective value of tile resistivity within

the penetration depth of the electromagnetic
wave, which is of the order of 1000 _ at the

peak of the spectral distribution. At very
low temperatures the inean free path of the

electron may be greater thttn the penetration

depth and the effective resistivity becomes

very much higher. This phenomenon is re-

ferred to as the anomalous skin effect (ref. 12).
it is only the transition metals which have

high values of pT; the high values are due to

their high melting points and relatively large
electrical resistivities. Both of these charac-
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teristics depend upon the fact that electrons

are both in the incompletely filled d shells of
these atoms and in the s shells in the next

higher energy level. The transfer of electrons

between these shells gives rise to the absorption
and emission of radiation in the near infrared

and can contribute to the spectral emissivity at
short wavelengths and thus to the total emis-

sivity at high temperatures.

The equations developed in this report ignore
the effect of the bound electrons which become

important at short wavelengths where the
effect of the free electrons becomes much less

pronounced. Corrections need to be applied

to the total emissivity at high temperatures in

order to take these electrons properly into
account.

Some work has been done elsewhere (ref. 13)

in trying to correlate theory and experiment by
assuming the existence of different relaxation

times for various groups of free electrons in the
same metals.

As for the spread of data, which is particu-

larly severe at low values of (pT) _, this is due
to several general causes. The extent of the

corrections just discussed is different for each

metal. The specimens measured may not have
been ideal in the sense of complete freedom from

thin surface films, imperfections behind the

surface, or surface roughness. Emittance meas-

urements are difficult to make and experimental

errors can be quite large. Very accurate tem-

perature determinations are required unless the
blackbody reference standard is automatically

at the same temperature as the specimen.

Small percentage errors in reflectance can re-

sult in large percentage errors in emittance if

the indirect reflectance measurement technique
is used.
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DISCUSSION

H. E. BENNETT, Michelson Laboratory, U.S. Naval

Ordnance Test Station: I would like to make one

comment that may give some hope for the theoretical

calculation. The Hagen-Rubens relation is derived by

assuming that n and k are equal, which is true only

for very long wavelengths. With decreasing wave-

length the Hagen-Rubens relation gives higher emit-

tance values, or lower reflectance values, than are

obtained by using the exact theory. However, if

surface damage is present, the measured emittance is

higher, and the measured reflectance is lower than

would be true for an undamaged sample. Therefore,

although the Hagen-Rubens relation does not have a

good theoretical justification in short-wavelength re-

gions, it frequently fias the experimental data better

than does the exact theory.

PxaCza: Surface damage is certainly one of the

things that should be considered. Several additional

factors are involved in this wavelength range, but all

of them set,hi to average out and the data approxi-

nmtely follow the curve based on the assumption that

the relaxation time is equal to zero.


